INTRODUCTION
Among those structures whose buckling strengths are known to be highly sensitive to structural imperfections are spherical and cylindrical shells subject to external pressure, axially loaded narrow cylindrical panels, some simple trcsses and, of course, the axially comyressed cylindrical shell.
buckling analysis of such a structure, by itself, is incapable of predicting the buckling strength.
knowledge of the initial imperfections of the unloaded structure; but, in general, such information is not at the disposal of either the analyst or designer.
The classical (linear)
Accurate predictions for a given structure require exact
To
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This work was supported in part by the National Aeronautics and Space Administration under Grant NsG-559, and by the Division of Engineering and Applied Physics, Harvard University. difference Seiveen the predicted bucklicg strengths of'the bowed-out and the bowed-Y X At this point, however, attention is drawn to the significant in shells which are otherwise of essentially the same dimensions.
the classical buckling anaiysis the buckling strength of the bowed-out shell can be several orders of magnitude larger than that of the bowed-in configuration.
On the basis of
One I --3-might conjecture, and, indeed, this will prove to be the case, that the initial post-buckling analysis indicates a significantly increased imperfection-secsitivity hand-in-hand with the higher classical buckling strength.
Two other loading condftions are studied in addition to the lateral pressure case. Quite similar, yet more imperfection-sensitive, is the external pressure case.
bcved-out segments subject to axial tension is determined.
In the third case the classical and initial post-buckling behavior of the
CLASSICAL BUCKLIRG ANALYSIS
Bore a xief exposition of Stein and MzElman's classical analysis is given.
Buckling uader axial tension, although not considered by these authors, is also included in the results given below. 
DESCRIPTION OF INITIAL POST-BUCKLING ANALYSIS
The l i n e a r buckling a n a l y s i s p r e d i c t s t h e c r i t i c a l load and associated buckling rcode, o r modes, of t h e s t r u c t u r e . A unique buckling mode i s predicted i n every c a s e considered i n t h i s paper. The i n i t i a l post-buckling a n a l y s i s of such a s t r u c t u r e provides a s i n g l e n o n l i n e a r , a l g e b r a i c equation of equilibrium r e l a t i n g t h e a p p l i e d load t o t h e d e f l e c t i o n i n t h e buckling mode. The magnitude of t h e i n i t i a l imperfection a l s o appears i n t h i s equation.
The normal displacement of t h e buckling mode d e f l e c t i o n i s
where n is determined by the classical analysis axid 5 is the mode deflection relative to the shell thickness h .
buckling nodes are most critical if, indeed, imperfections play any degrading role at all.
perfect toroidal form is denoted by
Initial imperfections in the form of the
In the present analysis the initial deviation of the shells from the and is taken to be -- found from Equation (7) It} is given in Figure 4 . If 6 is of order unity, -imperfections which are small relative to the shell thickness (i.e., 5 a small fraction of unity) will result in large reductions of the buckling load.
The results of the 5 calculation for the three loading cases are presented and. discussed in the next three sections; and as we have mentioned, the details 02 the calculations aze left for the Appendix.
TOROIDAL SEGEIENT SUBJECT TO LATERAL PSESSURE
The prebuckling state of stress of a perfect, shallow toroidal segment subject , 'to lateral pressure p is uniform, except in a narrow region near the ends of the skiell, and is given by is bowed-out the more negative is b and, thus, the more sensitive the structure to imperfections.
(ry/rx = 0) , for which to the shell thickness will, therefore, result in significant reductions in the buckling pressure. For configurations which are sufficiently bowed-in b is actually positive, although quite small for sufficiently large z , over the'entire range of z . The bowed-out shell has a higher imperfection-sensitivity associated with its considerably higher classical buckling load.
There is a significant range, even for the cylindrical shell is of order unity, and small imperfections relative
The initial slope of the generalized load-deflection curve of the perfect shell can also be determined from the initial post-buckling analysis.
calculation is given in the Appendix.
This
The resulting pressure vs. effective change in volume relation is The method employed here is the same as that used by these authors.
Roiter [5] has determined the initial post-buckling behavior of narrow cylindrical panels under axial compression. Like the toroidal shells considered here the narrow panel has a unique buckling mode and its initial post-buckling behavior is determined by the coefficient b of the cubic term in Equation (7). Koiter finds that depending on the narrowness of the panel the post-buckling behavior can correspond t o either an initially rising or falling load-deflection curve. where E is the axial elongation and cOc is the prebuckling axial elongation at 
X
The prebucklinp stresses in the perfect shell f o r a given lateral pressure loading Ap0 2nd applied axial stress ANo are uniform, except for deviations in a narrow region near the ends of the shell which will be neglected i n this analysis. will be given.
for omitted details and points of rigor which will not be re-established here.
For brevity, the stress, strain and displacement fields are denoted by u , respectively.t
CI , E and
The magnitude of the applied load system is taken t o be directly proportional to the load parameter A .
The strain-displacement relations of the perfect shell are written symbolically as
where L1 and L2 are, then, homogeneous functionals which are linear and quadratic, respectively, in u . In the presence of an initial deflection of the unloaded structure G the strain resulting from an additional displacement u is where Lil(u,;) = Lll(G,u) is the bilinear, homogeneous functional of u and which appears in the identity
In the general development u is a generalized expression for the displacet ments. It should not be confused with the axial displacement in the Doanell theory which bears the same symbol.
where H1 is a homogeneous, linear functional.
Equations of equilibrium are formulated via the principle of virtual work.
In compact form this principle (Equation (14) for Donne11 theory) is written as
where {0,6c) is the internal virtual work of the stress field ET through the strain variation 6~ and XBl(Gu) is the external virtual work of the load system of intensity A through the admissible displacement variation 6u .
The prebuckling deformations of the perfect shells, Equation (16 (1) and ( 2 ) .
C
As previously mentioned, each structure-loading combination investigated in this paper has a unique buckling mode associated with the classical buckling load.
To study the initial post-buckling behavior one writes the total displacement, quite generally, as
where u is now considered placement u is taken to be C % normalized in magnitude in a definite way.
orthogonal t o u in the sense
The dis-
When a structure is imperfection-sensitive, imperfections in the form of the buckling mode are most critical. In this study the imperfection is taken as --
The initial post-buckling analysis provides an algebraic equilibrium equation and the boundary conditions reduce to -18-
A stress function has been introduced and, thus, a further condition is that the tangential displacements be single valued over a complete circuit of the shell.
For v2 this condition is equivalent to
The right hand sides of Equations (31) 1 .
-an3A(nn'g)2 (cos (2*x/!L)+cos (2ny/r )) and are given in Figure 6 . Neglection of the distortion of the shell near its Y X In a similar fashion the axial load-elongation relation for the initial postbuckling regime of a perfect shell in axial tension can be calculated directly.
The average elongation is
The parameter in the load-deflection relation, Equation (121, is again 
